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A B S T R A C T   

Accumulation-based Macroscopic Fundamental Diagram (MFD) model is widely employed to 
design perimeter control methods to improve traffic operation in urban networks. While the 
accumulation-based MFD assumes a low-scatter, non-linear relationship between region pro-
duction and accumulation, the outflow relationship in formulating dynamics of multi-region 
networks requires simplifying assumptions. The existing perimeter control methods are groun-
ded on accumulation-based MFD models where the number of transferring vehicles is approxi-
mated by the ratio of the instantaneous number of vehicles based on their destinations. Moreover, 
perimeter control may lead to more vehicles queuing at the region boundary (i.e. cordon queues) 
which add local impediments on traveling vehicles and impact the accuracy of well-defined 
MFDs. To address these shortcomings under time-varying conditions, this paper develops a 
robust perimeter control method based on the Sliding Mode Control to minimize total travel time 
in the entire network. To test the performance of the proposed control method, a trip-based MFD 
model is developed that accounts for cordon queues and various trip lengths of individual trav-
elers. In this paper, two-region accumulation-based and trip-based MFD models are compared 
through numerical experiments. The results pinpoint the proposed robust perimeter control 
method can effectively alleviate congestion and improve network efficiency during traffic rush 
hours.   

1. Introduction 

Excessive traffic congestion has become a quotidian problem in urban cities with the growing transport demand. To alleviate 
congestion and improve the network efficiency, several management approaches for large-scale transport systems have been devel-
oped, such as perimeter flow control (e.g. Geroliminis et al., 2013; Fu et al., 2020; Ingole et al., 2020), congestion pricing (e.g. Zheng 
and Geroliminis, 2020), and coordinated ramp metering (e.g. Han et al., 2020). Perimeter flow control was found to be an effective 
approach to manipulate traffic flows between regions to maintain vehicle accumulation in regions under a predefined value (i.e. 
critical accumulation). The perimeter control is implemented using coordination among traffic signals installed at boundaries between 
the regions to regulate the rate of transferring vehicles from one region to another to prevent hypercongestion. 

Recently, sizable research studied perimeter control approaches, see Haddad and Shraiber (2014), Ramezani et al. (2015), Yang 
et al. (2018), Lei et al. (2019), Haddad and Mirkin (2020) among others. These approaches utilize accumulation-based MFD model 
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grounded on a parsimonious, low-scattered, and non-linear relationship between vehicle accumulation [veh] and production [veh⋅m/ 
s] of the network, see Fig. 1(a). While the congestion is homogeneously distributed in the network, the aggregated accumulation-based 
MFD can be employed to model the traffic dynamics (see Geroliminis and Daganzo, 2008). The MFD model was originally proposed by 
Godfrey (1969). The theoretical concepts of MFD were first established in Daganzo (2007), and its existence was demonstrated in 
Geroliminis and Daganzo (2008) utilizing field data from downtown Yokohama, Japan. The MFD dynamic foundation of a single 
region was established in Daganzo (2007), where the evolution of traveling vehicle accumulation is modeled by tracking the incoming 
traffic demand and endogenous traffic outflow. In networks without uniformly distributed vehicle densities, MFD exhibits a hysteresis 
loop. To cope with this issue, one recognized approach is to partition a heterogeneously congested network into multiple regions with 
homogeneous congestion distributions (see Saeedmanesh and Geroliminis, 2016; Saedi et al., 2020). The partitioning further enables 
to manipulate the transferring flows between regions by the traffic signals located at region boundaries. The perimeter flow control is a 
coordinated action among these traffic signals. 

Perimeter control grounded on accumulation-based MFD has been introduced for single-region (e.g. Daganzo, 2007; Keyvan- 
Ekbatani et al., 2012) and multi-region networks (e.g. Ramezani et al., 2015; Kouvelas et al., 2017; Csikós et al., 2017; Yang et al., 
2018, 2019). The perimeter control settles at the peripheries between regions to manipulate the percentages of transfer flows. 
However, restricting transferring vehicles might result in queuing vehicles at region boundaries. The queuing vehicles affect the traffic 
flow dynamics and consequently might influence the outflow of the region and accuracy of well-defined MFD (Haddad, 2017). So the 
cordon queue impacts should be carefully addressed. Ni and Cassidy (2020) proposed to model time-varying queue impacts on network 
production by re-scaling MFD at any time step, where the MFD is scaled downward or upward respectively when the cordon queue size 
grows or shrinks. In this paper, we develop a robust perimeter controller that tackles the effect of cordon queues on congestion 
propagation. 

Many studies have constructed perimeter control framework using techniques such as Bang-Bang control (see Daganzo, 2007; 
Aalipour et al., 2018), Proportional-Integral (PI) control (see Keyvan-Ekbatani et al., 2015; Mohajerpoor et al., 2019; Ingole et al., 
2020), Model Predictive Control (MPC) (see Geroliminis et al., 2013; Fu et al., 2017; Kim et al., 2019), and Linear Quadratic Regulator 
(LQR) (see Haddad and Shraiber, 2014; Haddad, 2015). The model-based perimeter controllers for multi-region networks require an 
assumption for the transferring flows in the accumulation-based MFD model. In most cases, the ratio between the internal and external 

Fig. 1. (a) Production MFD used in Accumulation-based MFD models, (b) Speed MFD used in Trip-based MFD models, (c) the two-region network 
structure with cordon queues, and (d) different trip length distributions (sampled offline and used in the trip-based MFD model). 
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outflows is assumed to be equal to the ratio of the instantaneous number of vehicles based on their destinations, (e.g. in Ramezani et al., 
2015; Zhong et al., 2018; Yang et al., 2019). This assumption imposes modeling inaccuracy and would lessen the performance of 
model-based controllers, specifically the ones based on model predictions such as MPC. 

This paper proposes a robust perimeter controller based on Sliding Mode Control (SMC) method to address the inherent mismatch 
between the traffic flow model (i.e. MFD) and real world traffic dynamics. This is crucial because MFD is inherently a spatially and 
temporally aggregated model and neglects several (micro) aspects of traffic. Specifically, the proposed SMC perimeter controller is 
designed to tackle the following issues in multi-region MFD modeling; (i) the effect of cordon queues on congestion heterogeneity and 
MFD and (ii) the split ratio between internal and external outflows. The SMC is a variable structure control method that accounts for 
uncertainties in modeling formulation and measurements. The SMC enables discontinuous and nonlinear control gains to stabilize the 
system by manipulating the state of the system to predefined (sliding) surfaces in finite time and maintain the states on them thereafter 
(e.g. Aalipour et al., 2017; Bichiou et al., 2020). 

One notable characteristic of employing accumulation-based MFD model is the numerical tractability that offers optimization and 
control opportunities. To this end, several studies assume an average trip length representing all vehicles within the network (e.g. 
Loder et al., 2019; Huang et al., 2020). Recent studies highlight the effect of various trip lengths on accumulation-based MFD model 
(Mariotte et al., 2017; Batista and Leclercq, 2019). In particular, Mariotte et al. (2020a) demonstrated that the calibration of trip 
lengths is crucial for accuracy of the MFD models. To take into consideration the different trip lengths of vehicles, the trip-based MFD 
was first proposed by Arnott (2013), and applied in later research such as Lamotte and Geroliminis (2018), Yildirimoglu and Ramezani 
(2020), Jin (2020). Trip-based MFD assumes a well-defined relation between vehicle accumulation and mean speed of the network, see 
Fig. 1(b). Mariotte et al. (2017) employed a one-region network to compare the accumulation-based MFD and trip-based MFD models, 
and pinpointed incoherence during transient phases. When the system operates under steady state, the two models are consistent with 
each other (i.e. analogous accumulation evolution), while in the loading and unloading phases, they exhibit substantial differences. 
Similar results are observed in multi-region networks (Mariotte and Leclercq, 2019). A multi-region trip-based MFD model requires 
more complicated states to describe traffic dynamics, e.g. vehicle accumulations towards internal or external destinations and their 
related trip lengths. This paper introduces a two-region trip-based model that considers cordon queues to be employed as a testbed to 
investigate the proposed robust perimeter controller. 

The contributions of this paper are threefold: (i) designing a real-time, robust perimeter control based on Sliding Mode Control 
(SMC) method to tackle the inherent uncertainties in multi-region accumulation-based MFD model, (ii) developing a two-region trip- 
based MFD model considering cordon queue dynamics, and (iii) testing the proposed robust perimeter control on the trip-based MFD 
model to investigate its effectiveness. In this paper, it is assumed the urban network is divided into two regions. The perimeter control 
regulates the flows between the two regions, and vehicles waiting to cross the boundary represent the cordon queues, as delineated in 
Fig. 1(c). An accumulation-based MFD model with uncertain parameters is established to develop a robust traffic control method. The 
controller is applied to the trip-based MFD model that accounts for the effects of cordon queues which are considered as one aggregated 
queue consistent with the physics of MFD. To further investigate the SMC efficiency, an improved Bang-Bang controller is introduced 
for comparison. 

The remainder of this paper is organized as follows. Section 2 introduces the two-region accumulation-based MFD model and the 
trip-based MFD model accounting for cordon queues. Section 3 develops an SMC scheme grounded on the accumulation-based MFD 
model to minimize the network total time spent. Also, an improved Bang-Bang controller is introduced for comparison. Section 4 
employs numerical experiments to investigate the two models as well as to evaluate the controller performance, under two disparate 
demand profiles. Finally, in Section 5, the paper closes with the summary and future research directions. 

2. Macroscopic traffic modeling 

In this section, the two-region trip-based and accumulation-based MFD models are introduced. The former is considered as the 
plant that accounts for the perimeter control, cordon queues, and heterogeneous transfer flows. The trip-based MFD model, which is 
the more detailed model, tracks the number of vehicles grouped as queued and traveling with internal or external destinations. On the 
other hand, the proposed parsimonious accumulation-based MFD model is employed to derive the robust perimeter control based on 
SMC while neglecting the dynamics of cordon queues. 

2.1. Trip-based MFD model: accounting for perimeter control and cordon queue dynamics 

The trip-based MFD model is a disaggregated yet city-wide model that takes into account individual travel details such as trip 
length and departure time (see Mariotte et al., 2017). In this section, we introduce the event-based implementation of the trip-based 
MFD model (Mariotte et al., 2017; Yildirimoglu and Ramezani, 2020) for a network divided into two regions with perimeter control 
and considering the cordon queue dynamics. The events contain departure (from the origin) and arrival (to the destination), joining 
and leaving cordon queues for vehicles with origin in one region and destination in another region, and changes in perimeter control 
values. Every event directly affects the accumulations in regions and hence regions mean speeds. 

The network is assumed to be partitioned into two regions, denoted by Region I, J = {1, 2}. The exogenous travel demands entering 
the network are associated to different trip lengths and departure times (from their origins). Let NQ

IJ(t) [veh] denote the number of 
queuing vehicles at the boundary in Region I with the destination in Region J at time t. Note that the queuing vehicles only consist of 
vehicles traveling between regions, and the vehicles suffer the queuing process at most once during their whole trips. The traveling 

Y. Li et al.                                                                                                                                                                                                               



Transportation Research Part C 126 (2021) 103043

4

accumulations in Region I,NT
I (t) [veh], includes the number of traveling vehicles heading to internal and external destinations, that is 

NT
I (t) = NT

II(t) + NT
IJ(t). As a result, the total number of vehicles in Region I at time t is, NI(t) = NT

I (t) + NQ
IJ(t). We consider the 

Production-MFD of Region I,PI(NI(t)) [veh⋅m/s], is re-scaled with respect to the number of traveling and queuing vehicles at time t (Ni 
and Cassidy, 2020), as shown in the following, 

P̃I
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where Njam
I [veh] is the jam accumulation of Region I, P̃I(NT

I (t),N
Q
IJ(t)) is the re-scaled Production-MFD, and a, b, c are the estimated 

parameters for the upper-envelope Production-MFD, i.e. PI(NI(t)) = a ⋅ (NI(t))3
+ b ⋅ (NI(t))2

+ c ⋅ NI(t). 
The re-scaled mean speed of Region I at time t, ṼI(NT

I (t),N
Q
IJ(t)) [m/s], used in trip-based MFD model1 based on the traveling and 

queued vehicle accumulations is 
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This indicates that the speed changes when the number of traveling and/or queued vehicles changes. Based on the network speed, the 
traveled distance between events is calculated, and the vehicles exit the network once their assigned trip lengths are completed. The 
model gets updated when an event occurs, i.e. the time instance when a vehicle enters or exits a region, or joins or leaves a cordon 
queue, or perimeter control values changes. In which case, the entire time duration might be unevenly separated between events. The 
fundamental principle of individual vehicle i’s trip length towards an internal destination, i.e., LII,i [m], should satisfy, 

LII,i =

∫ tarr
i

tdep
i

Ṽ I

(
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t
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(

t

))

dt. (3)  

And for vehicle i’s trip length towards an external destination, i.e., LIJ,i [m], should satisfy, 

LIJ,i =

∫ tQI
i

tdep
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Ṽ I
(
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)
dt +

∫ tarr
i
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i

ṼJ
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)
dt (4)  

where tdep
i and tarr

i [s] are departure and arrival times of vehicle i, tQI
i and tLQI

i [s] are the time that vehicle i joins and leaves the cordon 
queue in Region I, and ṼI(NT

I (t),N
Q
IJ(t)) and ṼJ(NT

J (t),N
Q
JI(t)) [m/s] are the re-scaled regional mean speed of Region I and J at time t, 

respectively. Note that tQI
i , tLQI

i , and tarr
i are function of tdep

i , see Eq. (6) and Eq. (7). Also, it should be noted that for vehicles traveling 
between regions, i.e. Eq. (4), LIJ,i contains two terms associated with travel distance in Region I,LI,i, and in Region J, LJ,i [m], such that 
LIJ,i = LI,i + LJ,i, as shown in Fig. 1(c). Eq. (3) and Eq. (4) aim to realize the traveled distance of vehicle i, while the trip lengths and 
departure times are model inputs for both internal and external trips. Without loss of generality, we assume the travel lengths are the 
Euclidean distance between the origins and the destinations considering a plane network. With sampling numerous pairs of origins and 
destinations in both regions, the trip length distributions of L11,L12,L21, and L22 are sampled offline, shown in Fig. 1(d). In the trip- 
based MFD model, the trip length for each vehicle is randomly assigned from the predefined distributions at the beginning of their trip. 

The trip-based MFD model is served as the plant to replicate the actual number of transferring flows, such that the outputs of the 
model are the arrival times of vehicles with internal and external trips, and the time when the vehicles join and leave cordon queues. 
Note that we consider the cordon queues as one aggregated queue, one in each region, consistent with the physics of MFD; and the 
effect of growing or shrinking cordon queue size is captured in re-scaled Speed-MFD. Since the perimeter control restricts transfer flows 
between the regions, the model should take into account the entry flow capacity of regions. This is a joint function of the border 
capacity between the regions and the available space in the destination region. Similar with Ramezani et al. (2015), we consider the 
entry flow capacity CIJ(NJ(t)) [veh/s] as a piecewise two-segment function; first a constant value reflecting border capacity value (CIJ), 
followed by a decreasing positive function of accumulation of Region J: 

CIJ(NJ(t) ) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

CIJ if 0⩽NJ(t) < α ⋅ N jam
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(
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NJ(t)
N jam

J

)

if α ⋅ N jam
J ⩽NJ(t)⩽N jam

J ,
(5)  

where 0 < α < 1 defines the deflection accumulation in Region J when the entry flow capacity starts to decline; and CIJ [veh/s] is the 

1 The difference between P̃I(NT
I (t),N

Q
IJ(t))/NT

I (t) and P̃I(NT
I (t),N

Q
IJ(t))/NI(t) is that the former represents the mean speed of traveling vehicles and 

the latter represents the mean speed of all vehicles in Region I. The proposed trip-based model tracks the travel distance of vehicles; this only 
constitutes traveling vehicles, thus the mean speed of traveling vehicles should be used. 
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boundary capacity between Regions I and J that denotes the possible maximum number of queued vehicles that can pass the boundary. 
CIJ can be estimated in real life as an aggregation of the capacity of the streets upstream of perimeter traffic signals. Boundary capacity 
is the maximum number of vehicles per unit time that can pass through the intersections under disparate roadway, traffic, and 
signalization conditions, while the capacity can be maximized through several methods (see Amirgholy et al., 2020). Note that, other 
entry flow and exit flow models (e.g. Mariotte and Leclercq, 2019; Mariotte et al., 2020b) can be readily integrated within the two- 
region trip-based model while validation with real data is a research priority. Furthermore, the calibration of α is a challenging 
task especially in multi-region settings since it is needed to capture the complicated multi-path entry flow dynamics. 

We define the time-varying remaining trip length as LII,i(t) and LIJ,i(t) [m]. They are updated at each time instance when a new 
event occurs such that if vehicle i travels inside Region I,LII,i(t

′

) = LII,i(t) − (t′ − t) ⋅ ṼI(NT
I (t),N

Q
IJ(t)), if vehicle i is in Region I and travels 

from Region I towards Region J, LI,i(t
′

) = LI,i(t) − (t′ − t) ⋅ ṼI(NT
I (t),N

Q
IJ(t)), and if vehicle i is in Region J and traveled from Region I 

towards Region J,LJ,i(t
′

) = LJ,i(t) − (t′ − t) ⋅ ṼJ(NT
J (t),N

Q
JI(t)), where t [s] is the time of current event and t′ [s] is the time of next event. 

Note that similar to the total travel distance LIJ,i, the remaining trip length of vehicle i traveling between regions is LIJ,i(t) = LI,i(t) +
LJ,i(t). With this in mind, the estimation of arrival time of vehicle i at time t traveling with an internal destination in Region I is2, 

tarr
i (t) = t+

LII,i(t)
ṼI(NT

I (t),NQ
IJ(t))

. (6)  

If vehicle i travels from Region I to Region J, the estimated join queue time, leave queue time, and arrival time are, 

tQI
i = t+

LI,i
(
t
)

Ṽ I

(
NT

I

(
t
)
,NQ

IJ

(
t
)) (7a)  

tLQI
i = tQI

i +
NQ

IJ
(
t
)
+ 1

CIJ(NJ(t)) ⋅ UIJ(t)
(7b)  

tarr
i = tLQI

i +
LJ,i
(
t
)

ṼJ

(
NT

J

(
t
)
,NQ

JI

(
t
)) (7c)  

where UIJ(t) denotes the perimeter control manipulating the transfer flows from Region I to Region J at time t, and 
0 ⩽Umin⩽UIJ(t)⩽Umax⩽1. Note that Eq. (6) and Eq. (7) are applied to all individual vehicles in the network after each event such that all 
potential event times are re-estimated and the next imminent event is identified. Eq. (7) are not only applied as potential estimates of 
event times but also employed for the vehicles already started their trips. Hence the current status of the vehicles (e.g. traveling or 
queuing), and their current locations (e.g. in Region I or Region J) should be taken into account. That is, if the size of cordon queue 
changes or in case the perimeter control value changes, then Eq. (7b) switches to, tLQI

i = t + zQI
i (t)/(CIJ(NJ(t)) ⋅ UIJ(t)). Here, zQI

i (t) is 
the position of vehicle i in the cordon queue in Region I at time t. Ultimately, when vehicle i passes the boundary and starts traveling in 
Region J, Eq. (7c) becomes, tarr

i = t + LJ,i(t)/ṼJ(NT
J (t),N

Q
JI(t)). 

The pseudo-code of the two-region trip-based MFD model is detailed below. For the sake of brevity, region subscripts of tQ
i ,t

LQ
i , and 

tarr
i are omitted. 

Algorithm 1. Two-region trip-based MFD model pseudo-code   

Initialize event_list=[] 
Initialize previous_time = tinit   

for All vehicles (i) do  
Add tdep

i to event_list   
Determine the initial tQ

i , t
LQ
i , tarr

i based on Eq. (6) or Eq. (7) considering initial mean region speed   
Add tQ

i , t
LQ
i , and tarr

i to event_list  
end for 
Sort event_list based on event time  

while there are events in the event_list do  
current_time ← the time of the first event in event_list   
for All current traveling vehicles in the network do  

if vehicle i destination is inside Region I then  
RLII,i ← RLII,i - ṼI(NT

I (t),N
Q
IJ(t))⋅ (current_time - previous_time)   

else if vehicle i travels from Region I to J then  
if vehicle i currently in Region I then 

(continued on next page) 

2 Accordingly, the estimated arrival time at the time of departure reads tarr
i (tdep

i ) = tdep
i + LII,i/ṼI(NT

I (t
dep
i ),NQ

IJ(t
dep
i )). 
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(continued )  

RLI,i ← RLI,i - ṼI(NT
I (t),N

Q
IJ(t)) ⋅ (current_time - previous_time)   

else if vehicle i currently in Region J then  
RLJ,i ← RLJ,i - ṼJ(NT

J (t),N
Q
JI(t))⋅ (current_time - previous_time)   

end if  
end if  

end for  
if The first event is vehicle departure then  

if The vehicle departures in Region I then  
NT

I (t) ← NT
I (t)+1   

else if The vehicle departures in Region J then  
NT

J (t) ← NT
J (t)+1   

end if  
else if The first event is vehicle arrival then  

if The vehicle arrives from Region I then  
NT

I (t) ← NT
I (t)-1   

else if The vehicle arrives from Region J then  
NT

J (t) ← NT
J (t)-1   

end if  
else if The first event is vehicle join cordon queue then  

if The vehicle joins the cordon queue in Region I then  
NQ

IJ(t) ← NQ
IJ(t)+1, NT

I (t) ← NT
I (t)-1   

else if The vehicle joins the cordon queue in Region J then  
NQ

JI(t) ← NQ
JI(t)+1, NT

J (t) ← NT
J (t)-1   

end if  
else if The first event is vehicle leave cordon queue then  

if The vehicle leaves the cordon queue in Region I then  
NQ

IJ(t) ← NQ
IJ(t)-1, NT

J (t) ← NT
J (t)+1   

else if The vehicle leaves the cordon queue in Region J then  
NQ

JI(t) ← NQ
JI(t)-1, NT

I (t) ← NT
I (t)+1   

end if  
else if The first event is a new perimeter control value then  

update tLQ
i and tarr

i for all vehicles with respect to Eq. (6) and Eq. (7), considering current vehicle statuses and locations   
end if  
update P̃I(NT

I (t),N
Q
IJ(t)) and P̃J(NT

J (t),N
Q
JI(t)) using Eq. (1)   

update ṼI(NT
I (t),N

Q
IJ(t)) and ṼJ(NT

J (t),N
Q
JI(t)) using Eq. (2)   

for all vehicles in the network do  
update join queue time, leave queue time, and arrival time based on Eq. (6) and Eq. (7) with the new regional mean speed, ṼI(NT

I (t),N
Q
IJ(t)) and ṼJ(NT

J (t),
NQ

JI(t))
end for  
Remove the first event in the event_list 

end while  

Note that the trip-based MFD model terminates once all the vehicles exit the network. Note also that the trip-based MFD model is 
not necessarily a first in first out (FIFO) model since all vehicles in the network might travel with distinct trip lengths, see Yildirimoglu 
and Ramezani (2020). 

2.2. Accumulation-based MFD model: accounting perimeter control and heterogeneous transfer flow 

In this section, we present the two-region accumulation-based MFD model with perimeter control and a general (uncertain) rep-
resentation of transfer flows. In majority of literature (e.g. Yildirimoglu et al., 2015; Ramezani and Nourinejad, 2018; Yildirimoglu 
et al., 2018; Sirmatel and Geroliminis, 2019), the accumulation-based MFD model did not differentiate between traveling and queued 
vehicles; while Haddad (2017) and Ni and Cassidy (2020) modeled these two groups of vehicles separately. Also, a FIFO-based exit 
function as in Paipuri and Leclercq (2020) may be utilized to estimate the number of queuing vehicles in accumulation-based MFD 
models. In this paper, we resort to employ the parsimonious accumulation-based MFD models with no differentiation between the 
traveling and queuing vehicles to simplify the controller design. However, the proposed trip-based MFD model considers traveling and 
queued vehicles to offer a more detailed picture of traffic dynamics in real networks with perimeter control. The time-varying vehicle 
accumulations in Region I and J are represented by NI(t) and NJ(t) [veh], respectively. Vehicle accumulations in Region I bound for 
internal and external destinations are denoted by NII(t) and NIJ(t) [veh], such that NI(t) = NII(t) + NIJ(t). Furthermore, the accu-
mulation fraction, NIJ(t)/NI(t), is assumed to approximately model the transfer flow between Region I and Region J. This assumption is 
relaxed in this paper by introducing unknown time-varying (yet partially observable) parameters in the accumulation-based MFD 
model, θ(t). We define 0 ⩽θI(t)⩽1 corresponding to the internal part of the outflow of Region I (i.e. trips with internal destinations), and 
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1 − θI(t) associated with the external part of the outflow of Region I (transfer flows, i.e. trips with external destinations).3 

At the network level, the accumulation-based MFD considers ‘Production-MFD’ in Region I, PI(NI(t)) [veh⋅m/s], and assumes that 
the network outflow, GI(NI(t)) = PI(NI(t))/LI, where LI [m] denotes the average trip length in Region I. The exogenous travel demands 
are composed of Region I’s demands heading to its neighbour Region J,QIJ(t), and those towards destinations inside Region I,QII(t)
[veh/s]. The perimeter control located at the boundary between the two regions, UIJ(t) and UJI(t), manipulate transfer flows such that 
0⩽Umin⩽UIJ(t),UJI(t)⩽Umax⩽1. The presented accumulation-based MFD model does not consider cordon queue dynamics in order to 
simplify the controller design. With this choice, the perimeter flow controller does not require the number of queued vehicles and the 
re-scaled Production-MFD. Therefore, we adopted a robust control approach using SMC method to overcome this simplification in 
modeling. The accumulation conservation equations are as: 

dNII(t)
dt

= QII

(

t
)

− θI

(

t
)

⋅
PI(NI(t))

LII(t)
+

(

1 − θJ

(

t
))

⋅ UJI

(

t
)

⋅
PJ(NJ(t))

LJI(t)
(8a)  

dNIJ(t)
dt

= QIJ

(

t
)

−

(

1 − θI

(

t
))

⋅ UIJ

(

t
)

⋅
PI(NI(t))

LIJ(t)
(8b)  

where LII(t) [m] is the average travel distance of vehicles with internal destinations, and LIJ(t) and LJI(t) [m] are the average travel 
distance of vehicles with external destinations. Eq. (8) associates the change in vehicles accumulations with the inflows and outflows 
inside a region or from one region to another. Note that the average trip lengths, LII(t) and LIJ(t), can be time-varying while for the sake 
of simplicity we adopt time-invariant values in the numerical tests. 

It is worth mentioning that θI(t) is partially observed in real-time to a certain degree of accuracy by measuring the number of 
vehicles passing through the perimeter control intersections. However, in the accumulation-based MFD model, θI(t) is estimated as 
NII(t)/NI(t), and it is more challenging to be predicted as it intrinsically required in MPC approaches. In addition, θI(t) is a source of 
uncertainty in modeling while SMC is robust to deal with unobservable variations in model variables, and hence a robust perimeter 
control based on SMC theory is applied that take into account uncertainties in the MFD model. Note that the proposed SMC perimeter 
controller is designed grounded on the accumulation-based MFD model while applied on the trip-based MFD model, such that θ(t) is 
not required in the proposed controller. From there, the consistency check of these two different models is necessary where the nu-
merical experiments are presented in Section 4.1. 

3. Controller design 

3.1. Sliding mode control 

Sliding Mode Control (SMC) is a robust control approach to provide a desired dynamic behavior regardless of uncertainties and 
disturbance in the model (see Slotine, 1984; Canale et al., 2008; Spurgeon, 2014). In this section, SMC is designed building on the 
accumulation-based MFD model in Eq. (8) to manipulate the system states reach predefined sliding surfaces and maintain on the 
surfaces thereafter (Bichiou et al., 2020). This paper applies a similar control framework as Aalipour et al. (2017). 

We rearrange the state variables of the system as X1(t) = N11(t) + N21(t),X2(t) = N12(t),X3(t) = N21(t), and X4(t) = N12(t) + N22(t). 
The traffic dynamics of the two-region network with the new rearranged states are, 

Ẋ1

(
t
)
= Q11

(
t
)
+Q21

(
t
)
− MX

11

(
t
)

(9a)  

Ẋ2

(
t
)
= Q12

(
t
)
− MX

12

(
t
)

U12

(
t
)

(9b)  

Ẋ3

(
t
)
= Q21

(
t
)
− MX

21

(
t
)

U21

(
t
)

(9c)  

Ẋ4

(
t
)
= Q22

(
t
)
+Q12

(
t
)
− MX

22

(
t
)

(9d)  

such that the external outflows and control signals are merely appeared in two traffic states (i.e. X2(t) and X3(t)). The rearranged 
internal and external outflows are, 

MX
11

(

t
)

= θ1

(

t
)

⋅
P1(X1(t) − X3(t) + X2(t))

L11(t)
(10a)  

MX
12

(

t
)

=

(

1 − θ1

(

t
))

⋅
P1(X1(t) − X3(t) + X2(t))

L12(t)
(10b)  

3 θI(t) can be accurately enough estimated as NII(t)/NI(t) in steady state conditions in MFD models. 
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MX
21

(

t
)

=

(

1 − θ2

(

t
))

⋅
P2(X4(t) − X2(t) + X3(t))

L21(t)
(10c)  

MX
22

(

t
)

= θ2

(

t
)

⋅
P2(X4(t) − X2(t) + X3(t))

L22(t)
. (10d)  

Note that the rearranged outflows hold akin calculation logic with the outflows in Eq. (8), e.g. M12(t) = MX
12(t) =

(1 − θ1(t)) ⋅ P1(N1(t))/L12(t). 
The sliding surfaces are considered as, S1(t) = X4(t) − k1 ⋅ X2(t) and S2(t) = X1(t) − k2 ⋅ X3(t), where positive parameters k1 and k2 

are designed to ensure stability. The evolution of the states of the system over time are forced towards the sliding surfaces S1(t) = 0 and 
S2(t) = 0. The derivatives of sliding surfaces are, 

Ṡ1

(
t
)
= Q22

(
t
)
+
(

1 − k1

)
Q12

(
t
)
− MX

22

(
t
)
+ k1U12

(
t
)

MX
12

(
t
)

(11a)  

Ṡ2

(
t
)
= Q11

(
t
)
+
(

1 − k2

)
Q21

(
t
)
− MX

11

(
t
)
+ k2U21

(
t
)

MX
21

(
t
)
. (11b)  

To analyze the stability, we define the following inequalities, 

ρ1

(

t
)

⩾|
Q22
(
t
)
+
(
1 − k1

)
Q12
(
t
)
− MX

22

(
t
)

k1MX
12

(
t
) | (12a)  

ρ2

(

t
)

⩾|
Q11
(
t
)
+
(
1 − k2

)
Q21
(
t
)
− MX

11

(
t
)

k2MX
21

(
t
) |, (12b)  

such that the above inequalities can be guaranteed by defining the variables ρ1(t) and ρ2(t) as, 

ρ1

(

t
)

=
Q22,max +

(
k1 − 1

)
Q12,max + MX

22

(
t
)

k1MX
12

(
t
) (13a)  

ρ2

(

t
)

=
Q11,max +

(
k2 − 1

)
Q21,max + MX

11

(
t
)

k2MX
21

(
t
) , (13b)  

where Q11,max, Q12,max, Q21,max, and Q22,max [veh/s] are the maximum values of Q11(t), Q12(t), Q21(t), and Q22(t), respectively. The 
Lyapunov candidate function is considered as v(t) = (S1(t)2

+ S2(t)2
)/2, to compel the trajectories moving towards sliding surfaces 

and to ensure the surfaces are stable. The derivative of v(t) is, 

v̇(t) = S1(t)Ṡ1(t) + S2(t)Ṡ2(t)
= S1(t)

(
Q22(t) + (1 − k1)Q12(t) − MX

22(t) + k1MX
12(t)U12(t)

)
+ S2(t)

(
Q11(t) + (1 − k2)Q21(t) − MX

11(t) + k2MX
21(t)U21(t)

)

⩽|S1(t)|ρ1(t)k1MX
12(t) + U12(t)S1(t)k1MX

12(t) + |S2(t)|ρ2(t)k2MX
21(t) + U21(t)S2(t)k2MX

21(t).
(14)  

To satisfy precedent conditions, we define the discontinuous perimeter control inputs as, 

U12(t) = − β1(t) ⋅ sgn(S1(t) ) (15a)  

U21(t) = − β2(t) ⋅ sgn(S2(t) ) (15b)  

where β1(t) > ρ1(t)+β0 and β2(t) > ρ2(t) + β0, and β0 is a positive and relatively small constant. Substituting control inputs in Eq. (14), 
the inequalities (16) show the derivative of v is negative, such that the state trajectories will be captivated towards the sliding surfaces 

Fig. 2. The control architecture of the proposed perimeter control method based on SMC. The accumulation-based MFD model is employed to 
design the controller. The trip-based MFD model is considered as the plant. The solid arrows represent online procedures. 
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and stay on them. 

v̇(t) ⩽S1(t)ρ1(t)k1MX
12(t) − (ρ1(t) + β0 )k1MX

12(t)S1(t)sgn(S1(t) ) + S2(t)ρ2(t)k2MX
21(t) − (ρ2(t) + β0 )k2MX

21(t)S2(t)sgn(S2(t) )
⩽ − β0|S1(t)|k1MX

12(t) − β0|S2(t)|k2MX
21(t)⩽0.

(16)  

A bounding filter is applied to ensure the control sequences obtained from Eq. (15) are between the lower and the upper bounds (i.e. 
Umin and Umax). For instance, if U12(t) is smaller (or greater) than Umin (or Umax), then U12(t) = Umin (or U12(t) = Umax) will be adopted. 
Note that the proposed SMC perimeter control does not necessarily require θ1(t) and θ2(t) values and traffic state measurements can be 
used. The control architecture is depicted in Fig. 2. 

3.2. Improved Bang-Bang controller 

To compare the performance of the proposed SMC, we consider an improved Bang-Bang (I-BB) controller. The Bang-Bang (BB) 
perimeter controller is a feedback control approach that aims to ensure the vehicular accumulation in a region remains under the 
critical value (i.e. the accumulation that generates the maximum production). The BB controller applied in the previous research (e.g. 
Geroliminis et al., 2013; Aalipour et al., 2018) was designed corresponding to fixed critical and jam accumulations of the region, i.e. 
Ncr

I and Njam
I [veh]. The I-BB proposed here follows the same control policy yet with time-varying critical and jam accumulations,4 i.e. 

Ñ
cr
I (t) and Ñ

jam
I (t) [veh], to capture the effect of cordon queues on the MFD. 

The Ñ
cr
I (t) is determined via the derivative of the re-scaled Production-MFD with respect to the number of traveling vehicles in 

Region I at time t, ∂̃PI(NT
I (t),N

Q
IJ(t))

∂NT
I (t)

= 0. And the re-scaled jam accumulation is considered as Ñ
jam
I (t) = Njam

I - NQ
IJ(t). The I-BB controller aims 

to protect the more congested region by restricting the number of vehicles to enter and allowing more vehicles to leave to the less 
congested region. Accordingly the control values (U12(t) and U21(t)) operate either at the minimum or the maximum (Umin or Umax). 
Detailed analytical properties of BB control policy can be referred to Aalipour et al. (2018), whereas there is a difference that the 
proposed I-BB uses traveling accumulations (NT

I (t)) rather than total accumulations (NI(t)) of Region I. The I-BB control law is sum-
marized in Table 1. 

4. Numerical experiments 

In this section, the accumulation-based and trip-based MFD models and the proposed SMC perimeter control are scrutinized with 
two scenarios. (i) A slow-varying demand scenario to investigate the consistency between the two-region accumulation-based and trip- 
based MFD models considering cordon queues. This is essential because, first, the controller design and application are based on 
different models (i.e. accumulation-based and trip-based), second, the accumulation-based MFD model does not consider the boundary 
capacity and cordon queues. And (ii) a fast-varying peak-hour demand scenario to investigate the proposed SMC efficiency comparing 
with no control and I-BB control cases. The trip-based MFD model is applied as the plant for a typical peak-hour period in this scenario. 
The numerical settings under two types of demand scenarios are introduced first, and results will be analyzed and discussed in detail in 
the corresponding subsections. It is worth mentioning that the average trip length of each region applied in the accumulation-based 
MFD model is 2300 [m], and this value is the mean of the predefined distributions (as shown in Fig. 1(d)) which are employed to 
randomly assign trip length of each vehicle in the trip-based MFD model for both consistency check and controller performance 
experiments. 

4.1. Models consistency and comparison 

In this section, the numerical tests are adopted to investigate the characteristics and consistency between the two-region accu-
mulation-based and trip-based MFD models. We apply the trip-based MFD model for a two-region network where each region has the 
same MFD with the one observed in Yokohama, Japan in Geroliminis and Daganzo (2008), as PI(NI(t)) = a ⋅ (NI(t))3

+ b ⋅ (NI(t))2
+

c ⋅ NI(t), where a = 9.98 ⋅ 10− 8,b = − 0.002, and c = 9.78. The network schematic is shown in Fig. 1(c) with the average trip length of 

Table 1 
The Improved Bang-Bang Control Values for [U12(t),U21(t)].  

NT
1(t)⩽Ñ

cr
1 (t), N

T
2(t)⩽Ñ

cr
2 (t) NT

1(t)⩽Ñ
cr
1 (t), N

T
2(t) > Ñ

cr
2 (t) NT

1(t) > Ñ
cr
1 (t), N

T
2(t)⩽Ñ

cr
2 (t) NT

1(t) > Ñ
cr
1 (t), N

T
2(t) > Ñ

cr
2 (t)

[Umax ,Umax]  [Umin ,Umax]  [Umax,Umin]  If 
NT

1(t)

Ñ
jam
1 (t)

>
NT

2(t)

Ñ
jam
2 (t)

[Umax,Umin]  

If 
NT

1(t)

Ñ
jam
1 (t)

<
NT

2(t)

Ñ
jam
2 (t)

[Umin,Umax]   

4 The performance of BB in the numerical experiment was worse than the no control case. 
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2300 [m] for both regions. The boundary capacities are C12 = C21 = 10 [veh/s] and α = 0.75. According to Lamotte and Geroliminis 
(2018), the two models should be equivalent when the demands vary slowly and the trip lengths are exponentially distributed, or the 
two models are consistent when the system reaches steady-state in spite of trip length distributions. With this in mind, we first select a 
slow-varying demand, as shown in Fig. 3(a), and disparate type of trip length distributions (i.e. exponential, random), for consistency 
check. The trip lengths are randomly selected from different distributions in an offline procedure, which are shown in Fig. 1(d). The 
initial accumulations in the onset of the simulation are assumed uncongested in Region 1 and congested in Region 2, where N1(0) =
3,000 [veh] and N2(0) = 3,500 [veh]. Note that the accumulation-based MFD model is FIFO and does not track cordon queue dy-
namics. Besides, the time step between events in the trip-based MFD model is uneven while the whole simulation period is determined 
by the time that the last vehicle arrives at its destination. 

We check the consistency and conduct a comparison of the MFD models established in the previous section. The results are depicted 
in Fig. 3 and Fig. 4 with exponentially and randomly distributed trip lengths with average trip length 2300 [m]. Note that in the trip- 
based MFD model, each vehicle has a distinct unique trip length drawn from a distribution. For the consistency, we make sure the 
average trip lengths used in Eq. (8) are consistent with the mean of the distributions of the trip lengths of the vehicles. Note that the 
random trip lengths do not follow any specific distributions while we ensure they have the same average trip lengths as of the 
accumulation-based MFD model. Also note that trip lengths are not constant; each vehicle has a unique trip length in the trip-based 
MFD model. Fig. 3(b) and Fig. 3(c) indicate the accumulation evolution of the accumulation-based and trip-based MFD models with 
trip lengths following exponential distribution, while those accumulations of accumulation-based MFD model are estimated grounded 
on the steady-state assumption of θI(t) = NII(t)/NI(t) using Eq. (8). It appears that the accumulation evolution of the two MFD models 
are alike in trend and magnitude under the condition of slow varying demands; in accordance with the findings of Jin (2020). In Fig. 4 
(a) and Fig. 4(b), accumulation exhibits discrepancies at the beginning (before 2000 [s]) while remaining constant when the system 
reaches steady state (after 2200 [s]). This is in accordance with Lamotte and Geroliminis (2018) which stated the two models are 
similar at steady-state despite how trip lengths distributed. 

The accumulations in Region 1 and Region 2 in the trip-based MFD model abruptly increase when there is a large number of 
vehicles generated around 800 − 1800 [s]. However, the accumulation-based MFD model reacts moderately with the demand surge. 
Since the queuing vehicles for both regions primarily leave the cordon queues at 500–600 [s], they increase the traveling accumu-
lations in the other region. As the accumulation-based MFD does not consider the boundary capacity and cordon queues, it is expected 
to see it underestimates the accumulations, which is observed in Fig. 3 and Fig. 4. 

Fig. 4(c) and Fig. 4(d) display the internal and external outflows of accumulation-based and trip-based MFD models with randomly 
selected trip lengths. The values of internal and external outflows are measured through trip-based MFD model by counting the number 
of vehicles which finish their trips or join the queues at each time step Δt (e.g. 2 [min]). Consequently, the sum of internal and external 
outflows of a region may exceed the maximum value of outflow-MFD (i.e. approximately 6.3 [veh/s]) since (i) each vehicle in the trip- 
based MFD model has a unique trip length which might temporarily lead to a surge in the outflow from the network. (ii) Because of the 
causality effect (the instantaneous change of region average speed with the change in accumulation) in transition periods the observed 
outflows are higher. (iii) Lastly, the queuing process at the regions boundary adds inherent delays in external outflows which prop-
agates in accumulations and internal outflows. 

The evolution of θ(t) of the two MFD models are depicted in Fig. 4(e) and Fig. 4(f). In accumulation-based MFD model, θI(t) is 
continuous in time and instantaneous and is estimated as NII(t)/NI(t). Yet it appears that this estimation is not always accurate. As in 
Fig. 4(e), θI(t) should be very close to one at the end of the studied period as a result of extra time needed for transferred vehicles to 
finish their trips. Unlike the estimation of θI(t) in accumulation-based MFD model, we consider to obtain it via outflows in the trip- 
based MFD model, i.e. θI(t) = MII(t)/(MII(t) + MIJ(t)). Note that considering NIJ(t)/NI(t) equals to θI(t) might be reliable under 
several conditions, e.g. exponential distributed trip lengths and steady state conditions, whereas it is less accurate under time-varying 
and complex situations. Thus a robust controller with respect to θ(t) uncertainty (which is a byproduct of cordon queues and het-
erogeneous distributions of destinations) is needed. 

Fig. 3. (a) Slow varying two-staircase demand profile; Accumulation evolution when trip lengths follow exponential distribution: (b) accumulation- 
based MFD model, (c) trip-based MFD model. 
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Fig. 4. Accumulation evolution when trip lengths are randomly distributed: (a) accumulation-based MFD model, (b) trip-based MFD model; 
Evolution of internal and external flows: (c) accumulation-based MFD model, (d) trip-based MFD model; Evolution of θ(t): (e) accumulation-based 
MFD model, (f) trip-based MFD model. 
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Fig. 5. (a) Peak-hour demands; Accumulation evolution: (b) no control, (c) improved bang-bang control, (d) proposed sliding mode control; 
Perimeter control actions: (e) improved bang-bang control, (f) proposed sliding mode control; (g) Production-MFD of Region 1, (h) Production-MFD 
of Region 2. The hysteresis loop in MFDs and the drop in average region speed are consequences of cordon queues. Note that the controllers update 
interval is 60 s. 
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4.2. Controller performance 

In this section, a scenario with typical peak-hour travel demands is presented to explore the performance of the proposed SMC 
perimeter controller. The two-region trip-based MFD model considering cordon queues is employed as the plant. In this scenario, the 
network is initially in uncongested conditions for both regions with initial accumulations of N1(0) = 2,300 [veh] and N2(0) = 2,500 
[veh] respectively. Note that the accumulation-based and trip-based MFD models rely on the same MFD functions but with different 
representations, i.e. Production-MFD and Speed-MFD. Perimeter control values are calculated using I-BB and SMC with the lower 
bound as Umin = 0.1 and the upper bound as Umax = 0.9. Both controllers change the perimeter control values every minute. In the no 
control case, U12(t) = U21(t) = Umax are applied over the studied time duration. Furthermore, the parameters in sliding surface are 
selected as k1 = 2 and k2 = 4. Considering the upper-envelope MFD, the region critical and jam accumulations are 3,334 and 10,000 

[veh], respectively. However, the re-scaled MFD alters the critical and jam accumulations, i.e. Ñ
cr
I (t) and Ñ

jam
I (t), over time such that 

the two accumulations will be adjusted in every iteration under I-BB control framework. 
Three scenarios are compared to examine the proposed controller efficiency: 1) no perimeter control, 2) I-BB perimeter control, and 

3) SMC. We take the no control case as the base scenario and apply the I-BB control for comparison. The I-BB perimeter control is a state 
feedback control method considering the current number of traveling vehicles in the regions (i.e. NT

I (t)) and comparing it with re- 
scaled time-varying critical and jam accumulations in order to protect the more congested region. A fast varying rush-hour demand 
profile is employed, as shown in Fig. 5(a). The network faces increasing traffic demands before 900 [s], while the demands gradually 
drop to zero to ensure the clearance of the network at the end of the simulation. The accumulation evolution over studied period of trip- 
based MFD model corresponding to no control, I-BB control, and SMC are depicted in Fig. 5(b)-(d) respectively. With the absence of 
control, the control sequences always operate at the maximum such that a few queued vehicles (i.e. NQ

12(t) < 500 [veh]) are detected 
and the cordon queues dissipate promptly, as shown in Fig. 5(b). Also, Region 2 is the more congested one and requires protection in 
the no control case. It can be observed that the accumulation difference between the two regions shrinks when either I-BB or SMC is 
employed, whereas both controllers lead to additional vehicles queuing at the cordons compare with the no control case. The control 
sequences of I-BB and SMC controllers are depicted in Fig. 5(e) and Fig. 5(f). Note that before 500 [s], there are no queued vehicles in I- 
BB control case because both U12(t) and U21(t) are the maximum value, but they are observed in SMC case since the perimeter control is 
active from the beginning to restrict the vehicles passing the boundary between Region 1 and 2. Afterwards, between 500–1800 [s], the 
perimeter control oscillates either at the maximum or the minimum values of the I-BB control case. The chattering behavior of control 
sequences is evident as I-BB tries to proportionally equalize the accumulations of both regions. In contrast, the SMC protects the more 
congested Region 2. As shown in Fig. 5(f), U21(t) operates at Umax between 0 and 2100 [s] while U12(t) is chattering to limit the vehicles 
in Region 1 to enter Region 2. 

Perimeter control is a way to distribute vehicles more uniformly in the network yet could ease the network congestion to some 
extent. The number of cordon queued vehicles in both regions are higher in I-BB control case compare to no control and SMC, such that 
more vehicles suffer queuing delays because of the perimeter control. The cordon queues in Region 1 and Region 2, NQ

12(t) and NQ
21(t), 

are continuously expanding and concentrating at the cordons from 500 [s] to 1800 [s] with the peak values of 2255 [veh] and 1558 
[veh] respectively. The vehicles queued near cordons reduces the average speed of traveling vehicles. However, the number of queuing 
vehicles corresponding to SMC is much smaller than I-BB control case. With SMC, the cordon queues are long-lived (appear sooner and 
diminish later) and moderate, which helps curb the negative effect of cordon queues on the speed of traveling vehicles. Furthermore, 
SMC results in chattering perimeter control actions that reduce the maximum size of cordon queues, with the peak value of 693 [veh] 
in SMC and 2255 [veh] in I-BB. Note that the control values of SMC are oscillating between Umin and Umax since the controllers are 
incorporated with a limiting filter. No perimeter control values are observed in between as a consequence of the magnitude of sliding 
surface parameters, i.e. k1 and k2. Higher parameters can be applied whereas the controller performance might be deteriorated. 

It assuredly alleviates the congestion in Region 2 when either controller applies; the maximum accumulation reduces from 6790 
[veh] with no control to 4658 [veh] with I-BB control and 4207 [veh] with the proposed SMC. This comes at an expense of more 
vehicles in Region 1; the maximum accumulation extends from 4188 [veh] with no control to 4834 [veh] with I-BB control and 5198 

Fig. 6. The histogram of vehicles’ travel times under three control methods (23202 vehicles in total): (a) no control; (b) I-BB control, and (c) the 
proposed SMC. Note that the controllers update interval is 60 s. 
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[veh] with SMC. One observation worth mentioning is in the no control case, Region 2 is the more congested one that needs protection, 
but this order switches (Region 1 becomes more congested) in the SMC case. 

Fig. 5(g) and Fig. 5(h) depicts the Production-MFD of Region 1 and Region 2 for all control cases where hysteresis loops are 
observed. Previous research (e.g. Mahmassani et al., 2013) suggested that the clockwise hysteresis loops are more likely to happen as a 
consequence of the heterogeneity of congestion distribution in a region. In this paper, the trip-based MFD model considers the impact 
of cordon queues, therefore the congestion is not uniformly distributed especially with considerable cordon queues or with protracted 
time for queue dissipation. Results indicate that SMC leads to a more homogeneous network as the Production-MFDs for both regions 
display negligible hysteresis loops and the accumulation difference between regions is insignificant. The Production-MFD in the trip- 
based MFD model is the re-scaled one, therefore it can be observed that the Production-MFD curves are lower than the upper-envelope 
Production-MFD. 

Comparing the three control cases, (see Fig. 5, Fig. 6, and Table 2), we notice the advantages of SMC compared to the I-BB 
controller. The objective of the SMC is minimizing the total time spent that is equivalent to minimize the total number of vehicles in the 
network. Table 2 lists the average travel time [s/veh] and total time spent [veh⋅s] of I-BB perimeter control, the proposed SMC cases 
along with the no control case. The controller updating cycle times are 60 and 120 s, respectively. Tabulated values are obtained 
through the average results out of ten simulations. The values in parentheses are the change in the percentage of total network per-
formance compare with the no control case. With a limited number of switching control efforts, the total travel time spent in the 
network with I-BB control is decreased 19.3% on average, whereas the network performance is improved 22.3% by the proposed SMC. 
Additionally, the outcomes indicate that the average travel time is reduced with both controllers while SMC performs superior to I-BB. 

Fig. 6 shows the histogram of the vehicles’ travel times under no control, I-BB, and the proposed SMC perimeter control. The 
distribution of travel times for the three control cases has an overall skewed-right shape. Specifically, the range of travel times under 
each control case is different, with a wider range of no control (i.e. 0 to 4078 [s]) yet concentrated under both I-BB control (i.e. 0 to 
3039 [s]) and SMC (i.e. 0 to 2751 [s]). Besides, the travel time under SMC shows a relatively small variation with standard deviation 
equals to 567 [s] compare to 819 [s] of no control and 628 of I-BB control cases (see in Fig. 6). Therefore, a more fair travel time 
distribution and a more uniform congestion distribution are obtained with perimeter control based on the proposed SMC. 

5. Summary and future work 

This paper has developed a real-time, robust perimeter controller building on the SMC concept to address modeling uncertainty 
associated with internal and external outflow estimations in accumulation-based MFD models. The proposed controller can tackle the 
cordon queues (i.e. vehicles concentrated at boundaries waiting to enter the other regions), which are the byproduct of perimeter 
control. Cordon queues may intensify local impediments on traveling vehicles (e.g. occupy road space and reduce region speed) and 
affect internal and external outflows. A two-region trip-based MFD model is proposed as the plant involving cordon queue dynamics to 
investigate the effectiveness of the proposed control strategy. An improved Bang-Bang perimeter controller is introduced for 
comparison. 

Since the proposed controller is constructed and utilized on two different models, it is vital to scrutinize the consistency and bear 
comparison between them. The accumulation-based MFD model neglects cordon queues to simplify the controller design. Besides, 
unlike the trip-based MFD model, the accumulation-based MFD does not track individual vehicles and does not consider vehicles’ trip 
lengths and departure times. Numerical tests showed that SMC is fairer with reducing the spread of vehicles’ travel times. Also, there is 
a considerable improvement in network performance since the proposed SMC helps to evenly distribute the accumulations in the 
network and reduce the total time spent around 22.3% compare to the no control case. In comparison, the I-BB control likewise 
improved the network efficiency of approximately 19.3% yet with excessive queuing vehicles in both regions that lead to concentrated 
congestion near the cordon. Consequently, SMC results in a more homogeneous network as the hysteresis loops are reduced in 
Production-MFDs compared to I-BB. Both SMC and I-BB belong to variable structure control methods that are discontinuous in nature 
and accordingly versatile. Aalipour et al. (2018) showed that BB is the optimal perimeter control (corroborated in Ni and Cassidy 
(2020)). The main challenge of I-BB is the switching procedure (when the perimeter control gain should switch between Umin and Umax. 
The proposed SMC enables this with a systematic and measurement-based formulation. 

In future works, the robust controller should address networks with multiple modes of transport. Another future research is to 
extend the network structure to include multiple regions with multiple paths and trip lengths that require modeling regional route 
choice. A challenge would be to incorporate the effect of queued vehicles at the regions’ boundaries into the route choice of vehicles in 

Table 2 
Network-level statistics (averaged over 10 runs) for the three scenarios. The numbers in parenthesis indicate the improvement in performance 
compare with the no control case. Cycle time denotes the controller updating intervals.  

Scenario Cycle time [s] Total Time Spent [veh⋅s]  Average Travel Time [s/veh] 

No Control  2.6598× 107  1178.4 

I-BB 60 2.1460 × 107 (− 19.3%)  950.7 

SMC 60 2.0682 × 107 (− 22.3%)  916.3 

I-BB 120 2.1475 × 107 (− 19.3%)  951.4 

SMC 120 2.0711 × 107 (− 22.1%)  917.6  
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the trip-based MFD model. The effect of perimeter control on the departure time choice can also shed light on practical complications 
of field implementation. Moreover, investigating an integration of SMC with other optimal and/or proactive controllers (e.g. MPC) is a 
priority research direction. Investigating a time-varying cordon location could alleviate the local impacts of cordon queues. This is a 
promising future research direction. 
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